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Quiz 1:  Consider the example below, where

          are sequence variables

   a,b  are constants


Is this satisfiable?

From: Gutierrez. Solving Equations in Strings. 2006
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x, y

a b  = b bx x y y yx
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x, y

a b  = b bx x y y yx
Let x = ϵ

ab  = b by y y



Quiz 1:  Consider the example below, where

          are sequence variables

   a,b  are constants


Is this satisfiable?

From: Gutierrez. Solving Equations in Strings. 2006

5

x, y

a b  = b bx x y y yx



Quiz 1:  Consider the example below, where

          are sequence variables

   a,b  are constants


Is this satisfiable?

From: Gutierrez. Solving Equations in Strings. 2006

6

x, y

a b  = b bx x y y yx
Let bx =

babb  = b b by y y
abb  = b by y y



Quiz 1:  Consider the example below, where

          are sequence variables

   a,b  are constants


Is this satisfiable?

From: Gutierrez. Solving Equations in Strings. 2006
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x, y

Let b, x = y = ϵ

abb  = b by y y
abb = bb
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x, y

Let b, ax = y =

abb  = b by y y
abba = abab
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x, y

Let b, abx = y =

abb  = b by y y
abbab = abbabb
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x, y

a bx x y b by yx



Quiz 1:  Consider the example below, where

          are sequence variables
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From: Gutierrez. Solving Equations in Strings. 2006
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x, y

a bx x y
b by yx
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x, y

Decompose

ax bx y
by byx
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Decompose
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bx y
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byx
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x, y

Decompose

a = bx y
b  = b  x y yx



Quiz 1:  Consider the example below, where

          are sequence variables

   a,b  are constants


Is a b =b b  satisfiable?x x y y yx

From: Gutierrez. Solving Equations in Strings. 2006

16

x, y

Decompose

Rewrite
a = bx y

b  = b  x y yx
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x, y

Decompose

Rewrite
a = bx y

b  = a  x y x x



Quiz 1:  Consider the example below, where

          are sequence variables

   a,b  are constants


Is a b =b b  satisfiable?x x y y yx

From: Gutierrez. Solving Equations in Strings. 2006
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x, y

Decompose

Rewrite
Trima = bx y

b  = a  y x



Quiz 1:  Consider the example below, where

          are sequence variables

   a,b  are constants


Is a b =b b  satisfiable?x x y y yx

From: Gutierrez. Solving Equations in Strings. 2006
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x, y

Decompose

Rewrite
Trim

ConstUnsat

a = bx y
b  = a  y x



Quiz 2:  Consider the example below, where

                       are sequence variables

 a,b,c  are constants


Is this satisfiable?
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u, v, w, x, y, z

Too hard; let’s ask existing string solvers. Just 6 variables, should be easy.

c c c a = ac a bx y zvy y y w zv ux



Quiz 2:  Consider the example below, where

                       are sequence variables

 a,b,c  are constants


Is this satisfiable?
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u, v, w, x, y, z

Unsolved by CVC4, Norn, Z3Str2 and Z3Str3, even after 1,000 seconds

c c c a = ac a bx y zvy y y w zv ux



SeqSolve after <1 second
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c c c a = ac a bx y zvy y y w zv ux
 = abax
 = aby
 = cabcu
 =  =  = v w z ϵ



History of theoretical results on string solving

Quine proved 
that the first 
order theory of 
string equations 
is undecidable

Gutiérrez 

EXPSPACE

Markov 
(unsuccessfully) 
showed a 
reduction from 
string equations to 
diophantine 
equations

Matiyasevich showed a 
reduction from string 
equations with linear 
length constraints to 
diophantine equations


Whether this theory is 
decidable remains an 
open problem.

 Jaffar and Schulz 

independently 
estimated the problem 
to be in 4-NEXPTIME 

Kościelski and 
Pacholski 3-
NEXPTIME

Diekert 

(unpublished)

2-EXPSPACE

Plandowski

NEXPTIME

NP?

Makanin solved the 
general problem and 
showed that the general 
theory of string equations 
is Decidable

 

1950 1960 19801970 20001990

Plandowski

PSPACEHmelevskii solved 

the problem for 
equations in 3 
variables

Lentin, Plotkin and 
Siekmann 
independently came 
up with 

Semi-decision 
procedures for the 
general theory

2010

Jez gave a 
simple 
recompression 
based proof for 
PSPACE

1946
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Motivation

Type inference in Remora, an Array Processing Language
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(+ A B)

A :
x

… 4 B :
3

⋮ x

x4 = 3x

J.Slepak, O.Shivers,and P.Manolios, “An array-oriented language with static rank polymorphism,” in European Symposium on 
Programming (ESOP), 2014.




Rules for solving sequence equations
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Rules for solving sequence equations

Already seen Decompose, Rewrite, Trim and ConstUnsat
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EqLength     

a =  as is x x → unsat 1 + |x | = |x |

EqConsts 

a  = b  as is x x → unsat 1 + nx

a = nx
a

VarElim 

a = a , c  = c a = ac  x x y x → y y → unsat
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VarSplit 

a = c c c a = c c c a = c  c = , a = c  xx yx → v v y v → v v y v → v v v v → unsat

VarSubst 

a=c a = cwuzwuzwuz ywuz → xx yx → unsat

EqWords  

bca  = cba  (count of words in ca)x y y x → unsat

Rules for solving sequence equations



Transition System TranSeq

Accepts a conjunction of sequence equations          and linear constraints        as 
input.


Generates an initial configuration        .


Applies enabled rules to configurations non-deterministically.


Generated linear constraints are incrementally pushed to a background Linear 
Integer Arithmetic (LIA) solver.


LIA solver is queried for satisfiability/decomposition.


Theoretically and practically complete for the general theory of string equations.

28

Qinit Cinit

Kinit



TranSeq based on Mathematical Programming Modulo Theories

MPMT [Manolios, Papavasileiou CAV2013] framework is used to combine decision procedures, 
like SMT, but instead of a SAT solving backend, utilizes an LIA solver.


Highly non-deterministic system that allows branching and pruning of states while 
searching for a solution.


LIA solver communicates with background theory solver using interface variables. 

29



Searching for a solution

VarConst

LIAUnsat

DiffVars
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Kinit = ⟨Q, σ, vars, C⟩

. . .

. . .

Sat

⟨Q1, σ1, vars1, C1⟩

⟨Q2, σ2, vars2, C2⟩

⟨u n sa t⟩ ⟨sa t, σ4, C4⟩

⟨Q3, σ3, vars3, C3⟩ ⟨{}, σ4, vars4, C4⟩

DiffVars



Searching for a solution

VarConst

LIAUnsat

DiffVars
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Kinit = ⟨Q, σ, vars, C⟩

. . .

. . .

Sat

⟨Q1, σ1, vars1, C1⟩

⟨Q2, σ2, vars2, C2⟩

⟨u n sa t⟩ ⟨sa t, σ4, C4⟩

⟨Q3, σ3, vars3, C3⟩ ⟨{}, σ4, vars4, C4⟩

DiffVars



Correctness

1. Sound : never lies i.e. 

i) Returns satisfiable(Qinit ∧ Cinit) and returns a satisfying assignment


ii) Returns unsatisfiable(Qinit ∧ Cinit)

sat ⇒

unsat ⇒

TranSeq returns either  or . It is sat, unsat unknown
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Correctness

1. Sound : never lies

2. Partially Correct : sound and terminating but may return unknown

TranSeq returns either  or . It is sat, unsat unknown

33Termination depends on bounds on the lengths of minimal solutions of string equations by Plandowski. [STOC 1999]



Correctness

1. Sound : never lies

2. Partially Correct : sound and terminating but may return 

3. Fully Correct in the absence of input linear constraints : partially correct and 

never returns 

unknown

unknown

TranSeq returns either  or . It is sat, unsat unknown

34Termination depends on bounds on the lengths of minimal solutions of string equations by Plandowski, STOC 1999



SeqSolve : Implementation of TranSeq

Easily define complex datatypes using defdata

We implemented SeqSolve in ACL2s which allowed us to:

35

(defdata a character)

(defdata svar (cons 'S symbol))


(defdata lexp (oneof nat

                     lvar


         evar

         (list op lexp lexp)))


(defdata block (cons a lexp))

(defdata elem (oneof a svar uvar block))

(defdata seq (listof elem))

(defdata sigma (alistof v seq))

(defdata eq (cons seq seq))

(defdata qs (listof eq))


(check= (seqp '(#\1 #\2 (#\1 . 1) (S . X))) t)



SeqSolve : Implementation of TranSeq
Rules on complex datatypes	
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(definecd varelim (qs :qs acc :qs sub :sigma) :qsig

  (match qs

    (() (cons acc sub))

    (((u . u) . qcs) (varelim qcs acc sub))

    (((u . v) . qcs)

     (cond ((and (endp (cdr u))

                 (vp (car u)))

            (varelim-help u v qs acc sub))

           ((and (endp (cdr v))

                 (vp (car v)))

            (varelim-help v u qs acc sub))

           (t (varelim qcs (cons (cons u v) acc) sub))))))



SeqSolve : Implementation of TranSeq

Define Z3 expression grammar
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(defdata comp (oneof '= '<= '>= '< '>))


(defdata z3lexp (list comp lexp lexp))




SeqSolve : Implementation of TranSeq

Functions on complex datatypes
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(definecd seqlen (seq :seq) :lexp

  (match seq

    ((c . d)

     (match c

       (() 0)

       (:svar `(+ ,(lvar c) ,(seqlen d)))

       (:uvar `(+ 1 ,(seqlen d)))

       (:block `(+ ,(cdr c) ,(seqlen d)))

       (& `(+ 1 ,(seqlen d)))))))

(definecd eq-len (u :seq v :seq) :z3lexp

  (list '= (seqlen u) (seqlen v)))




SeqSolve : Implementation of TranSeq
Interfacing with Z3, thanks to Andrew Walter’s Z3-ACL2s interfacing library
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(defun add-assertion (stmt)

  (let* ((lses (collect-vs stmt))

         (ls (first lses))

         (es (second lses)))

    (z3-assert-fn (solver->z3exp

                   (append (+int-vars-decl+ ls)

                           (+bool-vars-decl+ es)))

                  (solver->z3exp stmt))))

(solver-push)

(add-assertion (eq-len u v))

(check-sat)

(solver-pop)



Evaluation

Benchmark Problems


We evaluated our solver on all publicly available benchmarks we could find, 
restricted to the general theory of string equations and length constraints. 
Problems from Kaluza, StringFuzz and handcrafted benchmarks.

Tools


We compared our solver against all string solvers we know of that can solve 
problems in our theory of interest. These solvers are: CVC4, Norn, Z3Str2, Z3Str3, 
Sloth and TRAU.
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Evaluation
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Evaluation using Ray Plot
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Conclusions and Future Work

● A new non-deterministic, branching transition system, TranSeq for deciding 
the satisfiability of conjunctions of string equations and length constraints. 


● SeqSolve was faster and solved more problems than existing solvers 

● Reason about the implementation utilizing ACL2s theorem prover.

● Plan to add support for a richer class of constraints in the future.
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Questions
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Try SeqSolve : https://github.com/ankitku/SeqSolve


