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Verification of Arithmetic Circuits, Motivation

* Circuit design containing arithmetic not only by processor
vendors, but also by suppliers of special-purpose hardware

* Fully automatic formal verification of arithmetic circuits needed

* Great progress for gate-level multipliers during last years based
on Symbolic Computer Algebra

* Situation for fully automatic formal verification of gate-level
dividers not such beneficial.
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Symbolic Computer Algebra (SCA)

e Symbolic Computer Algebra to verify integer arithmetic:

» Exposition can be simplified by considering replacements of variables by
gate polynomials (,,backward rewriting”)

* Based on the fact that the polynomial for a pseudo-Boolean function
f:1{0,1}"™ — Z is unique (up to reordering of terms)
* lllustrated by a simple example: ...
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SCA - lllustration of Backward Rewriting by Example

* Full-Adder with specification 2¢y + s = ag + by + c:

bo %o ¢ Start with output word 2¢, + s
=L
U
hol  hq
h3
Co S0
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SCA - lllustration of Backward Rewriting by Example

* Full-Adder with specification 2¢y + s = ag + by + c:

bo %o ¢ Start with output word 2¢; + s
kg = L
Co = hz \Y h3 hz hl T~
- hz + h3 - h2h3
\ h3
Co S0
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SCA - lllustration of Backward Rewriting by Example

* Full-Adder with specification 2¢y + s = ag + by + c:

bo %o ¢ Start with output word 2¢; + s
=L
k r = th + 2h3 — thhg + So
h h /
Co = hz \Y h3 2 ! T~

- hz +h3 _h2h3

\ s
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SCA - lllustration of Backward Rewriting by Example

* Full-Adder with specification 2¢y + s = ag + by + c:

bo %o ¢ Start with output word 2¢, + s
=L
kg U = th + 2h3 — thhg + So
Wl hy = ...
h3
Co So
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SCA - lllustration of Backward Rewriting by Example

* Full-Adder with specification 2¢y + s = ag + by + c:

bo Go ¢ o Start with output word 2¢( + s
= 2h, + 2h3 — 2h,h3 + s
—> 2h, + 2chq — 2ch1h;, + s
= 2h, — 2ch h, + c + hy

= 2a9by — 2a¢9bgch, + ¢ + h4
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SCA - lllustration of Backward Rewriting by Example

* Full-Adder with specification 2¢y + s = ag + by + c:

bo Go ¢ o Start with output word 2¢( + s
= 2h, + 2h3 — 2h,h3 + s
—> 2h, + 2chq — 2ch1h;, + s
= 2h, — 2ch h, + c + hy
= 2a9by — 2agbgchq + ¢ + hy

hy =ayg ® by

h3
=a0+b0—2a0b0

Co So
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SCA - lllustration of Backward Rewriting by Example

* Full-Adder with specification 2¢y + s = ag + by + c:

C

hy = ay @ by
=a0+b0—2a0b0

20 October 2022

=

So

* Start with output word 2¢, + s
= 2hy + 2hy — 2h,h3 + s

—> 2h, + 2chq — 2ch1h;, + s

= 2h, — 2ch h; + ¢ + h4

= 2a9by — 2agbgchq + ¢ + hy

= 2ayby — 2a5boc — 2aybjsc
+4a(2)bgc +Cc+ aq +b0 — Zaob()
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SCA - lllustration of Backward Rewriting by Example

* Full-Adder with specification 2¢y + s = ag + by + c:

C

hy = ay @ by
=a0+b0—2a0b0

20 October 2022

=

So

* Start with output word 2¢, + s
= 2hy + 2h; — 2h,h; + s

—> 2h, + 2chq — 2ch1h;, + s

— 2hy — 2ch{hy, + ¢ + h4

= 2a9by — 2agbgchq + ¢ + hy
= ag+ by + ¢
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SCA - lllustration of Backward Rewriting by Example

* Full-Adder with specification 2¢y + s = ag + by + c:

bo %o ¢ < Or: Start with
2¢cop+Sog—ap— by —c¢

—
=
= ...
—
=>ag+b,+c—ayg—byg—c=0
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Integer Division

* Given:
* Dividend (0 an 5..Tg) with value R(Y) = ZZ" 3 (0) 2!

* Divisor (0 d,,_, ...d,) withvalue D = Y7 d,2¢
* Input constraint 0 < R(©) < p . 271,

* Compute:

* Quotient (q,,_1 ... q¢) withvalue Q = I, qu‘
* Remainder (1,,_; ...7o) withvalue R = Y 2 r; 2  —r,,_, 21
* With

c(vc1) RO =Q-D+R

*(vc2) 0 < R < D.
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Division algorithms

* Most simple: Restoring division
* Division by “school method“
* Computing partial remainders RY) and quotient bits q,,_; iteratively
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Division algorithms

* Most simple: Restoring division
* Division by “school method“
* Computing partial remainders RY) and quotient bits q,,_; iteratively
* Improved by: Non-restoring division
* Combines back addition and subtraction into single addition
» Relation of new and previous partial remainders derived from algorithm:

RD=RUD + (1 - 2qy_j11)(D - 2"7)
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Circuit for Non-Restoring Division

SUBZTl—l 5 R(l) — R(O) —D- zn—l
n-1 R D - 22
_____________ . EEECEETIIIITIT SLITITr S } e S ) WR > 165 Ry »{(Y)
CAS;,,—1 . 1 rR® =R 4 (1—2q,_{)D -2"2
In-2/—pO 22— (Z 02+ zn—2> D+ R® — RO
. o . . . . i=n-1 .
(n-1) -1
___q_l____@____ 2, (Z:n q;2t + 21) .D + Rm=1) _ p(®
. =2 A
0o CASyp_q T R =R 4 (1 -2¢)D -2
----- (Z g2l + 20> .D +R™ — RO
=1 4
R=R™W + (1—qy)D

n-—1
_________________________________________________________ o). _ R©
= <zi=0 qLZ> D+R—-R
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Sizes of Polynomials

* Real gate level implementations lead to polynomials with
exponential sizes on cuts between stages!

 Why?
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“Clean” adder / subtractor stages

Overflow correction \

e

d, =0 do
r3(2) rz(z) Tl(z) ru(z)
FA [&¢q FA [« FA |[&q FA
0 0 0 0 0 =0 4 a
'r7(3) 'r6(3) TS(S) r4( » r3( 3 Tz( R Tl( = 70( e

€« FA <o
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Omitted overflow bits

e

0l d=0 e
) iy ry?

d, =0 doy
é% @ e e e
FA [« FA [« FA [« FA
0 0 =0 a N
tﬁ @ tﬁ e e ® e

FA @« FA &4 FA [« FA | FA |0
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Omitted leading bits

e

l d; =0 do
7«3(2) 7«2(2) 7_1(2) ru(z)
|"L FA [ FA [« FA
dy =0 d; d,
Tz(a) T1(3) 70(3)

FA (&4 FA |& FA |0
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Sizes of Polynomials

* Real gate level implementations lead to polynomials with
exponential sizes on cuts between stages!

 Why?
* Real gate level implementations omit overflow bits as well as leading bits
of adders / subtractors

* Still correct due to size restrictions for partial remainders derived from
input constraint 0 < R < D . 271 and the division algorithm
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Sizes of Polynomials

* Real gate level implementations lead to polynomials with
exponential sizes on cuts between stages!

 Why?
* Real gate level implementations omit overflow bits as well as leading bits
of adders / subtractors

* Still correct due to size restrictions for partial remainders derived from
input constraint 0 < R < D . 271 and the division algorithm

 Restrictions resulting from input constraint not visible for backward
rewriting!
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Sizes of Polynomials

* Real gate level implementations lead to polynomials with
exponential sizes on cuts between stages!

 Why?
* Real gate level implementations omit overflow bits as well as leading bits
of adders / subtractors

* Still correct due to size restrictions for partial remainders derived from
input constraint 0 < R < D . 271 and the division algorithm

 Restrictions resulting from input constraint not visible for backward
rewriting!

* Final polynomial after rewriting can even differ from 0 for correct
implementation 2 “only needs to be 0 under the input constraint”
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Previous work: Introducing Don’t Care Optimization

» ,Verifying Dividers Using Symbolic Computer Algebra and Don't Care
Optimization”

 Scholl, Konrad, Mahzoon, GroRe & Drechsler at Design, Automation and Test in
Europe Conference 2021 [Scholl et al., DATE‘21]

,=01r0=0d;1+©  do1r ”

B

21 FA | FA [& FA |1

I
| d,=0 dy dy
r,fl) rs(l) rz(l) rl(l) 70(1)
‘?E FA ¢ FA |& FA
=

T
| dy =0 | d,
T‘3(2) rZ(Z) 7,1(2) TD(Z)
I‘i"— FA |& FA |& FA
d, =0 d; d,
5 s tﬁ ) 5 @
< F

A |0
el
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Previous work: Introducing Don’t Care Optimization

* Input constraint 0 < R® <« p.2n1 together with divider design implies
ysatisfiability don‘t cares” at boundaries of atomic blocks:

0<RO <« p.2n1

N Example:
IL FA | FA |¢] FA |e Input constraint implies that
im CE (A (N O 1 value combination (1, 1, 1) at
. : the inputs of the atomic
[ block marked in red cannot

occur
= satisfiablity don‘t care
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Previous work: Introducing Don’t Care Optimization

* Make use of satisfibility don’t cares (obtained by , forward
information propagation®) to optimize intermediate
polynomials during backward rewriting.
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Previous work: Introducing Don’t Care Optimization

* Make use of satisfibility don’t cares (obtained by , forward
information propagation®) to optimize intermediate
polynomials during backward rewriting.

*p=1—x1— X3 —X3+2X1X3 +2X1X3 + 2X2X3 — 4X1X2X3

* Satisfiability don‘t care cubes —x{x,x3, x{—x, x5
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Previous work: Introducing Don’t Care Optimization

* Make use of satisfibility don’t cares (obtained by , forward
information propagation®) to optimize intermediate
polynomials during backward rewriting.

‘Pp=1—x1 —x2 — X3+ 2x1Xx; +2x1x3 + 2XX3 — 4X1X2X3

* Satisfiability don‘t care cubes —x{x,x3, x{—x, x5
 Choose integer variable v, for —x{x,x3, add v; (1 — x{)x,x3

p=1—x1—Xx3 —Xx3+2x1X3 + 2Xx1X3
+(2 + vy)xx3 + (—v1 — 4)X1X2X3
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Previous work: Introducing Don’t Care Optimization

* Make use of satisfibility don’t cares (obtained by , forward
information propagation®) to optimize intermediate
polynomials during backward rewriting.

‘Pp=1—x1 —x2 — X3+ 2x1Xx; +2x1x3 + 2XX3 — 4X1X2X3

* Satisfiability don‘t care cubes —x{x,x3, x{—x, x5
* Choose integer variable v, for x; —x, x5, add v, x; (1 — x5 ) (1 — x3)

p=1+ W, —1Dx; —x3 —x3+(2—v)x1x2 + (2 —v3)x1X3
+(2 -+ vl)xe:; -+ (vz — V1 — 4)X1X2X3
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Previous work: Introducing Don’t Care Optimization

* Make use of satisfibility don’t cares (obtained by , forward
information propagation®) to optimize intermediate
polynomials during backward rewriting.

‘Pp=1—x1 —x2 — X3+ 2x1Xx; +2x1x3 + 2XX3 — 4X1X2X3

* Satisfiability don‘t care cubes —x{x,x3, x{—x, x5
* Choose integer variable v, for x; —x, x5, add v, x; (1 — x5 ) (1 — x3)

p=1+ W, —1)x1 —x2 —x3+ (2 —v)x1x2 + (2 — v2)X1X3
+(2 + vl)xe?, + (UZ — V1 — 4)X1X2X3

* Remaining task: Choose v, and 77, such that the coefficient of a
maximum number of terms is 0.
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Previous work: Introducing Don’t Care Optimization

—> Optimization problem
* 1+ Wy — 1)x1-x2-x3+( )x1%2 + (2 — v3)x1x3 + ( )X2X3
+ (172 — V1 — 4)x1x2x3
* Equation system:
Vy — 1=0
2 — V) = 0
V) — V1 — 4=0
* Maximize the number of satisfied equations!
—> Reduced to integer linear programming (ILP).
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Previous work: Introducing Don’t Care Optimization

—> Optimization problem
* 1+ Wy — 1)x1-x2-x3+( )x1%2 + (2 — v3)x1x3 + ( )X2X3
+ (172 — V1 — 4)x1x2x3
* Equation system:
Vy — 1=0
2 — V) = 0
V) — V1 — 4=0
* Maximize the number of satisfied equations!
—> Reduced to integer linear programming (ILP).
* Here: vy = —2,v, = 2.
= Result: P(x1,x5,x3) =1+ x4 -Xy - X3
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Previous work: Introducing Don’t Care Optimization

* Don‘t Care Optimization used as part of backtracking approach

* Successfully avoided exponential polynomials during backward
rewriting for real gate level implementations shown before
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Further optimized implementation

* In correct dividers the remainder is non-negative, i.e.r,,_1 =0
* Computation of r,,_; can be omitted
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Further optimized implementation

* But we lost possibilities to optimize polynomial

* Remaining don‘t cares not strong enough to avoid exponential
polynomials (,,blowup“ already in last stage)

dy=0170=0d 17  dy1p® 7

ol 9 gl

21 FA | FA [& FA |1

]
| d,=0 dy do
r4(1) ”3(1) rz(1) rl(l) ro(n
Iqi FA & FA |« FA
I
| d, =0 dy d,
r3(2) rz(z) 7,1(2) 7'0(2)
I‘i"— FA [« FA [« FA

dy doy
Tz(3) rl(s) To(3)
FA |<0
[
" To
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Further optimized implementation

* Shown: polynomial size after last stage has been replaced

100.000.000
10.000.000 ©
0 1.000.000
© 100.000
o
& 10.000
e (@)
_§~ 1.000 © without DC optimization
(@]
e 100
(@)
10
1
4 8 16
Bit width
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Further optimized implementation

* Shown: polynomial size after last stage has been replaced

100.000.000
10.000.000 &
1.000.000
100.000
10.000
1.000

100

Q © without DC optimization

Polynomial size

A with DC optimization

10

1
4 8 16

Bit width
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New idea: Extended Atomic Blocks (EABs)

* Extend atomic blocks with remaining gates to fanout-free cones
* Purpose: find more and better don‘t cares
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New idea: Extended Atomic Blocks (EABs)

* Extend atomic blocks with remaining gates to fanout-free cones
* Purpose: find more and better don‘t cares

2 DCs at FA (3) NE)

n
d d
4 3) c 190 0
1 8] 1
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New idea: Extended Atomic Blocks (EABs)

* Extend atomic blocks with remaining gates to fanout-free cones

[ ] H ‘
* Purpose: find more and better don‘tcares . ... ..

dy do 7’1(3) €1

2 DCs at FA

3
a1 Tl( ) C1

<0

R B B, O O O O O O
, , O +r »r B O O o
B O O B kB O +»r O O
r kr O rr O r O +»r O
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Further optimized implementation

* Shown: polynomial size after last stage has been replaced

100.000.000
10.000.000 ®
1.000.000
100.000 'y
10.000 A

o @ without DC optimization

1.000 A
A A with DC optimization

100 -
10

Polynomial size
>

1
4 8 16 32 64 128 256 512

Bit width
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New method: Delayed Don’t Care Optimization

* Applying Don’t care optimization immediately only gives us a
“local minimum” in the context of backward rewriting

* We want to apply optimizations more targeted
* minimize future polynomial sizes during backward rewriting
* Delay optimization to take future rewriting steps into account
- Lookahead achieves optimizations in a more global context

Delayed Don‘t Care Optimization (DDCO)
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New method: Delayed Don’t Care Optimization

* Polynomial p = x{Xxyx3x4 — X3X3X4 WithDC (x,x,,x3) = (0,1,1)
* Next replacement will be x, = x, - x3
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New method: Delayed Don’t Care Optimization

* Polynomial p = x{Xxyx3x4 — X3X3X4 WithDC (x,x,,x3) = (0,1,1)
* Next replacement will be x, = x, - x3

* Option 1:
* Adding DCleadsto q; = X1 XpX3X4 — X2X3X4 + V1 XpX3 — V1 X1X2X3
* Optimal solutionisv; =0
* After replacement of x, : g7 = x1X,X3 — X3 X3
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New method: Delayed Don’t Care Optimization

* Polynomial p = x{Xxyx3x4 — X3X3X4 WithDC (x,x,,x3) = (0,1,1)
* Next replacement will be x, = x, - x3
* Option 1:
* Adding DCleadsto q; = X1 XpX3X4 — X2X3X4 + V1 XpX3 — V1 X1X2X3
* Optimal solutionisv; =0
* After replacement of x, : g7 = x1X,X3 — X3 X3
* Option 2:
* Adding DCleadsto g, = X1 XyX3X4 — X2X3X4 + V1 X9pX3 — V1X1X2X3
* After replacementof x, : g, = (1 — v)x1xx3 + (V1 — Dxyx3
* Optimal solution is v; = 1, resultingin g, = 0
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Experimental results

* Three types of divider benchmarks:
* Non-restoring dividers from [DATE‘21]: non-restoring,
* Further optimized non-restoring dividers: non-restoring,
* Restoring dividers: restoring
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Experimental results

* Three types of divider benchmarks:
* Non-restoring dividers from [DATE‘21]: non-restoring,
* Further optimized non-restoring dividers: non-restoring,
* Restoring dividers: restoring

* Six experiments:
* SAT
* Equivalence checking of ABC
* Commercial tool
« [DATE21]
« [DATE‘21] + EABs
e Our new tool = [DATE‘21] + EABs + DDCO (instead of backtracking)
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Experimental Results: run times for non-restoring,

SAT ABC Commercial | [DATE‘21] | [DATE‘21] + EABs | Our new tool =
[DATE‘21] + EABs
+ DDCO

4 100 0.22s 0.01s 1.23s 0.15s 0.44 s 0.23s
8 404 68.58 s 17.65s 1.33s 0.39s 1.21s 0.94 s
16 1,588 >1da >1 da 165.87 s 1.59s 3.26s 1.87 s

6,260 > 1 day 5.06s 12.10s 6.78 s
24,820 > 1 day 21.88s 96.15s 28.24 s

98,804 >1 day 114.73 s 1,434.11s 153.71s
394,228 > 1 day 825.115 13,656.97 s 1,985.05s
1,574,900 >1day 9,183.28s >62 GB 27,370.60 s
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Experimental Results: run times for non-restoring,

SAT ABC Commercial | [DATE‘21] | [DATE‘21] + EABs | Our new tool =
[DATE‘21] + EABs
+ DDCO

4 96 0.23s 0.01s 1.21s 0.17 s 0.26 s 0.23s
8 400 31.83s 16.78 s 1.86s 2,486.89 s 0.99s 0.95s
16 1,584 > 1 day > 1 day 108.23 s > 62 GB 2.68s 2.17 s

6,256 9.36s 7.25s
24,816 49.41s 26.87 s

98,800 340.85 s 149.75s
394,224 7,341.86 s 1,691.72 s
1,574,896 >62GB 27,351.10s
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Experimental Results: run times for restoring

SAT ABC Commercial | [DATE‘21] | [DATE‘21] + EABs | Our new tool =
[DATE‘21] + EABs
+ DDCO

4 140 0.27 s 0.01s 1.21s 2.59s 0.47 s 0.38 s
8 700 14.88 s 14.27 s 1.49s >62 GB 1.77 s 1.42s
16 3,068 >1da >1da 16.39 s > 62 GB 8.41s 6.63 s

12,796 53,277.73 s 65.99 s 29.02 s
52,220 > 1 day 885.71s 193.40s
210,940 >1 day >62 GB 2,244.24 s
847,868 >1 day >62 GB 33,359.30 s

3,399,676 > 1 day > 62 GB > 1 day
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Conclusions and Future Work

* Forward information propagation is crucial for successful
verification of real gate level dividers

* Advancing Don’t Care Optimization by using Extended Atomic
Blocks and Delayed Don’t Care Optimization

* In the future: Verification of other divider architectures as well
as other arithmetic circuits
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Restoring Division

Restoring Division:
* Forj = 1tondo:
e R = RG-D _p.on-j
_ J0,if RV <0
1,if RV >0
«If R < 0 then RY) = R + p.2"7J = RU-V

* Final remainder: R = R™

* Qn—j
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Non-Restoring Division

Non-Restoring Division:

e« R = RO) _ (D . zn—l)

o {O,ifR(l) <0
=171 if R > 0

* Forj = 2 tondo:

RUTD + D - 27 ifq,_j41 =0

« RO = . .
RU™D —D . 27 ifq,_j41 = 1

] _)0,ifRY <0
=i = 11,1t R0 > 0
* Final remainder: R = R™ + (1 — q4)D
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Non-Restoring Division

Non-Restoring Division:
. _J0,ifRY <0
=171 if R > 0

* Forj =2 tondo: This implies
RU-D + p . 2n if =0 RO= -
+D- M n-ji1 = — RU-1) _ qn—j+1(D . zn—])

RUTV —D - 2", if q_jiq = 1 +(1 = qn_j1)(D - 2"7)
= RU™V + (1 - 2qp_j41)(D - 2™7)

e R =

] _)0,ifRY <0
=i = 11,1t R0 > 0
* Final remainder: R = R™ + (1 — q4)D
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Another problem: Exponential backtrackings

 Extended Atomic Blocks lead to more occurrences of DCs
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Another problem: Exponential backtrackings

* Extended Atomic Blocks lead to more occurrences of DCs
* [Scholl et al., DATE21] used backtracking approach

* If during backward rewriting DC optimization is applicable, only save
backtrack point and continue rewriting
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Another problem: Exponential backtrackings

* Extended Atomic Blocks lead to more occurrences of DCs
* [Scholl et al., DATE21] used backtracking approach

* If during backward rewriting DC optimization is applicable, only save
backtrack point and continue rewriting

* Only if polynomial exceeds pre-defined threshold, backtrack and apply
DC optimization, continue rewriting process
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Another problem: Exponential backtrackings

* Extended Atomic Blocks lead to more occurrences of DCs
* [Scholl et al., DATE21] used backtracking approach

* If during backward rewriting DC optimization is applicable, only save
backtrack point and continue rewriting

* Only if polynomial exceeds pre-defined threshold, backtrack and apply
DC optimization, continue rewriting process

* More DCs—> more backtrack points and potentially more backtracks

* In worst case this can lead to exponential amount of backtrackings like
seen in the following example...
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Another problem: Exponential backtrackings

* Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1

— X2n+1 l2n+1

@ * Start with polynomial SP'"' = 2a + i,
Seriesofn i,
OR gates Tz g
: lnt+1
Seriesofn __ Fi,
X2
AND gates i

OR gate {
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Another problem: Exponential backtrackings

Series of n
—

OR gates

Series of n
AND gates

—_—

—

OR gate {

20 October 2022

X2n+1 l2n+1

t?

. 2n

Xn+2

lni2

ln+1

* Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1
* Start with polynomial SP™ = 2a + i,

:2a+x1+i1—x1i1 <

io = X1 +l1 —x1i1

Alexander Konrad / University of Freiburg
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Another problem: Exponential backtrackings

Series of n
—

OR gates

Series of n
AND gates

—_—

—

OR gate {

20 October 2022

X2n+1 l2n+1

* Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1
* Start with polynomial SP™ = 2a + i,

:2a+x1+i1—x1i1 <

backtrack points

4/

= 2a + X1 =+ xZiZ — xleiZ

1 = X303

Alexander Konrad / University of Freiburg
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Another problem: Exponential backtrackings

Series of n
—

OR gates

Series of n
AND gates

—_—

—

OR gate {

20 October 2022

X2n+1 l2n+1

e Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1

* Start with polynomial SP™ = 2a + i,
=>2a+x1+1i; —xql1 < backtrack points
= 2a + xq + X0y — X1Xpi 7

= ... (replacing all AND gates) [

=>2a+ X1+ Xy ... Xp11lps1 — X1X2 . Xpni1ln1
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Another problem: Exponential backtrackings

Series of n _
OR gates

Series of n

—_—

AND gates

—

OR gate {

20 October 2022

__ * Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1
@ * Start with polynomial SP™ = 2a + i,
S 2a+xq1+1i — %101 < backtrack points

n+2 N Za + xl + xZiZ — xleiZ 7
swale = .. (replacing all AND gates)

ln+1

=>2a+ X1+ Xy ... Xp11lps1 — X1X2 . Xpni1lnt1

iy = 2a + X1 -+ X2 ... Xn+2 -+ X2 . Xn+1ln+2 — X2 . Xp42ln+2
—X1 - Xpt2 — X1 - Xptalpiz T X1 o Xpgalngn

Lpt1 = Xp42 T g2 — Xpt2lny2
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Another problem: Exponential backtrackings

Series of n
—

OR gates

Series of n
AND gates

—_—

—

OR gate {

20 October 2022

X2n+1 l2n+1

e Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1

* Start with polynomial SP™ = 2a + i,
=>2a+x1+1i; —xql1 < backtrack points
= 2a + xq + X0y — X1Xpi 7

= ... (replacing all AND gates) [

=>2a+ X1+ Xy ... Xp11lps1 — X1X2 . Xpni1ln1

= 2a + X1 + X2 ... Xn+2 + X2 ... xn+1in+2 — X2 ... xn+2in+2
—X1 - Xpt2 — X1 - Xpialpiz T X1 o Xpgalngn
= ... (replacing all OR gates leads to exponential growth)

backtracking starts!
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Another problem: Exponential backtrackings

Series of n
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Series of n
AND gates

—_—
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OR gate {
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X2n+1 l2n+1

e Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1

* Start with polynomial SP™ = 2a + i,
=>2a+x1+1i; —xql1 < backtrack points
= 2a + xq + X0y — X1Xpi 7

= ... (replacing all AND gates) [

=>2a+ X1+ Xy ... Xp11lps1 — X1X2 . Xpni1ln1

But DC optimization does not change the polynomial here!
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Another problem: Exponential backtrackings

Series of n
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Series of n
AND gates
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OR gate {

20 October 2022

X2n+1 l2n+1

* Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1
* Start with polynomial SP™ = 2a + i,

=2a+xq+i1—xq01 < backtrack points

= 2a + X1 + xziz — xlxziz 7
= ... (replacing all AND gates)

But DC optimization does not change the polynomial here!

Alexander Konrad / University of Freiburg
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Another problem: Exponential backtrackings

Series of n
—

OR gates

Series of n
AND gates

—_—

—

OR gate {

20 October 2022

X2n+1 l2n+1

* Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1
* Start with polynomial SP™ = 2a + i,

=2a+xq+i1—xq01 < backtrack points
= 2a + x1 + xXgly — X1X210, —

But DC optimization does not change the polynomial here!

Alexander Konrad / University of Freiburg
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Another problem: Exponential backtrackings

* Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1

— X2n+1 l2n+1

@ * Start with polynomial SP™ = 2a + i,
Seriesofn iy . . ) _
OR gates fwiz L =2a+x1+1; — X101 < backtrack points
: in+1
Seriesofn _ L, L
AND gates s i
OR gate { Here DC optimization is finally helpful!
i Replacing the OR by a constant 1.
0

20 October 2022 Alexander Konrad / University of Freiburg 68



Another problem: Exponential backtrackings

Series of n
—

OR gates

Series of n
AND gates

—_—

—

OR gate {

20 October 2022

X2n+1 l2n+1

e Assume (x]-, i]-) =(0,0)isDCforj=1,..,n+1
* Start with polynomial SP™ = 2a + i,
=2a+xq+i1—xq01 < backtrack points
Adding DC monomials:
e 2a+ (1 —v)x1+(A —vyiy — (v1 — Dxqiq + vy
* v41 = 1 obviously best solution
e Resulting polynomial: 2a + 1

Here DC optimization is finally helpful!
Replacing the OR by a constant 1.
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New method: Delayed Don’t Care Optimization

* We want to use every DC only once (to avoid previous problem)

* Additionally apply optimizations in a more global context
* Considering future backward rewriting steps as well

Delayed Don‘t Care Optimization (DDCO)
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